3.6 Factorising Arithmetic Functions.
Question If Dirichlet convolution “combines” arithmetic functions can we
factor a given function into a convolution of “simpler” functions?

The same method as was used to show that ((s) has a Dirichlet Product

can be used to prove the following.

Theorem 3.28 If f is multiplicative and Dy (s) is absolutely convergent at
sg € C then, for all s: Res > Resg, the Fuler Product

H<1+f(p) +f(p2) +f(p3) +>

ps p25 p3s

p

converges to Dy (s).

Proof Left to student, but see appendix if stuck. [ |
If f is multiplicative then Theorem 3.28 gives

Dys(s) =] (Z ! (ZE)> 7 (10)

>0 p

for Res > Reso, since f(p°) = f(1) = 1. If, further, f is completely

multiplicative then
fe\ ™
Dt =T[ (1
» p

for Res > Re sp and as long as | f(p) /p°| < 1 for all primes p.

The idea of this method of factorisation is to write the Dirichlet Series as
an Euler product and factor each term in the product.

In all our examples f (pe) will not depend on p, only ¢, so we can write
a¢ = [ (p*) for £ > 0. Write y = 1/p* and the series within (10) becomes

Zagyé. (11)

£>0

The aim of this method is to write this series as product and quotient of
terms of the form 1 — y™ for various integers m > 1. For if we have a factor
of the form (1 — ™)', replacing y by 1/p* we find a factor of the right hand

side of (10) of -
I(1-) = cms.

p
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Further, if the sum of (11) contains a factor of 1 — y* for some k& > 1, then
on replacing y by 1/p* we find a factor of the right hand side of (10) of

11 (1 - pis) -

p

As a way of illustrating this method:

Recall that @)y is the characteristic function of the k-free integers.

Example 3.29 Show that

 Qu(n) _ C(s)
nz_:l ns  ((ks)

for Res > 1.

Solution The function @ is multiplicative so, without yet considering the
regions of convergence for the Dirichlet Series, we have the Euler Product

i@k(sn) _ H<1+Qk(p)+Qk(p2) +Qk(P3)+_“)

S 2s 3s
n » p p p

11 1
= 11 L St s )

p

since Qg (pz) =0 for all £ > k, and = 1 elsewhere. Write y = 1/p® when each
bracket is a finite geometric sum of the form

1_
1+y+y2+...+yk*1:7y

Therefore
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having used (7).
We can now consider convergence. Since the (-functions on the right
hand side are absolutely convergent in Res > 1, the final result is valid in

this half plane. [ |
Note that
LS m) & pm) s pm) & )
C(ks) _mz_l mks mz_l(mk)s a ; ns g ns
n:mk

where (1, is given by

Definition 3.30

0 otherwise.

uk(n)={ p(m) if n=m",

The Mobius Function is p,.
Example 3.29 shows that

Dq, (s) = ¢(s) = Di(5) Dy (s) = Dy (5) ,
for Res > 1. This ‘suggests’
Example 3.31 Forallk > 2, Qr =1 % py,.

Solution Since ()i, 1 and p,, are all multiplicative it suffices to prove equality
on prime powers. Consider

L gy (p°) = Z . (P") - (13)

0<r<a

The terms p, (p") can only be non-zero if klr. And if k|r, so r = k{ for
some ¢, we have p, (p") = p (p‘f) which is only non-zero when ¢ = 0 or 1.
Thus gy, (p) is only non-zero when r = 0 or k. Therefore, if a < k then the
sum in (13) contains only one non-zero term, p,, (p°) = 1. If a > k then the
sum contains two non-zero terms

e (P°) + 1 (PF) =14+ p(p)=1-1=0.
Hence

u 1 ifa<k
1*uk(p)={

0 ifa>k }:Q’“(Z’a)'
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Note that when & = 1 we have seen that ()1 = 9, while y; = p and so
Qr = 1 % p;, reduces down to the Mobius inversion § = 1 * p.

The most important case of this example is & = 2 : Q2 = 1 % u,, which
will be seen many times.

Example 3.32 Show, by looking at Fuler Product of the Dirichlet Series on

the left, that
x )  (2(s)

ns ¢(2s)

n=1

for Res > 1.

Solution The left hand side has the Euler product

2 2 2 2
11 IR R =T

» p p p
For |y| < 1,
1+2y+202 +2y° +.. = 1+2y(1+y+y*+..)
2y . o
= 1+ T—a on summing the geometric series
-y
14y
= 1=,
1ty 1+y 1 —q?
L=y 1=y (1-y)
Hence
i 2w(n) B H 1— 1/p23 B <2(S)
= L (1—1/p)" ((29)
|
The result on 2¥ gives
1
DQ“’ (8) = C(S) C(S) C(zs) = Dl(s) Dl(s) DHQ (S) = Dl*l*u2 (S) )

for Res > 1. This ‘suggests’
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Example 3.33
2 = 1% 1% py.
Solution See Problem Sheet.

This can be combined with the definition d = 11 or the result Q2 = 1%y,
to give
2 =dx jiy = 1% Qs. (14)

There are many such connections between Arithmetic functions, some of
which are the content of questions on the Problem Sheet and all are collected
on a page on the Course web site.

3.7 The decomposition of d?
For an example in the next Section we need the decomposition of d?.

Example 3.34

DdZ(S) = s
for Res > 1.

Solution We note that d? is a multiplicative function and d?(p*) = (a+1)°
on prime powers. So the Dirichlet Series of d? has the Euler Product

=L d*(n) ( 4 9 16 25 )
Dg(s) = = 1+—4 ==+ —=+—+...],
d ( ) ; ns ];[ ps p25 pSS p4s

for Res > 1. To sum the series

S =144y + 92 +16y° + 250  + ... + (a+1)*y* + ...,
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for |y| < 1 consider, with not justification,

S = y+207+3y° +4y° + )

i
d 2, g3
= — (1 +2y+3° +4° +..))

iy

v (y+v*+v+y'+ . ))
y

> , on summing the geometric series,

&~
}_n
@

1+y
(1-y)’

Since we haven’t justified the integrating and differentiating of infinite se-
ries term-by-term you need to check this result by expanding (1 + ) (1 — y)_3
and getting the series you started with.

We are not quite finished for the formula for the sum needs to be written
as a product and quotient of terms of the form 1 — y™, i.e. with a negative

sign. So

g_ I+y 14y -y 1—9?

X = 1
1-y)?® (1-p° 1=y (1—y)

Using this in each factor of the Euler Product for Dg (s) gives

Di(s) = H&:ig; - (H (1—;>_1>4 <H <1 _Pl?s>_1>_1

_ )
¢(2s)’
for Res > 1. [ |
From this,
4
1
Dg(s) = g(;z)) = ('(s) C2s5) ~ D(5) Dy, (8) = Distatatap, () -



for Res > 1. This ‘suggests’ the decomposition d* = 1% 1 % 1 % 1 % p, or,
because of Example 3.33, d> = 1 % 1 x 2¥. We prove this in two stages.

Example 3.35 For alln > 1, 1%2%(n) = d(n?).

Solution Since both sides are multiplicative it suffices to check equality on
prime powers.

(1x29) () = > 207 = 37 290") = 290") 4 5 24(”)

a-+b=r 0<b<r 1<b<r

= 24 ) 2=1+2r

1<b<r
= d(p”).

Notation For n > 1 let g (n) = d(n?). This is temporary notation for this
course. Then 1% 2% = g.

Example 3.36 1% g = d°.

Solution Since both sides are multiplicative it suffices to check equality on
prime powers.

Ixg) @) = > g()= > @v+1)

0<b<r 0<b<r

r(r+1)
2

= 2 +(r+1)

= 1) =)

Hence we have shown

Example 3.37
d>=1%1%1%1%pu,.
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Euler’s phi function
Recall the definition of Euler’s phi function as
¢(n) = {1 <r <n, ged(r,n) =1}.

We ‘pick out’ the condition ged (r,n) = 1 using the ¢ function, for which
0(n) =1 if n =1, zero otherwise. For then

1 if ged(r,n) =1,
5(gcd(r,n)):{ ged ()

0 otherwise.
We can then use Mobius inversion, in the form d(m) = 3, u(d) to get

Example 3.38 Show that Euler’s phi function satisfies ¢ = ju % j, i.e.

o(n) = Y u(d) .
din

Solution

o(n) = Z 1= Z 0 (ged (ryn)) by definition of 4,
r=1

r=1
ged(r,n)=1

— Z Z w(d) by Mébius inversion ¢ = 1 x p.

r=1 d| ged(r,n)

Yet d| ged (r,n) if, and only if, d|r and d|n. Continuing

Y a0 = h @3

r=1 d|r din r=1
d|7’L le

on interchanging the summations. In this double summation we have that
d|n, so n = {d say, and we also have d|r, so r = kd say. Thus in the inner
sum we are counting the number of £ > 1 for which r < n, i.e. kd < ld, that
is, k < (. There are ¢ = n/d such values. Therefore this inner summation
equals n/d and thus

o(n) = Y u(d) .
din

(Make sure you understand why this inner sum is ezactly n/d).

23



Corollary 3.39 1. ¢ is multiplicative.

2.
ol (-}

pln
> (d) =n.
din

Proof 1. Since p and j are multiplicative we conclude that ¢ = p * j is
multiplicative.

2. Looking at ¢ on prime powers

o(p) = Zu(d)%az > ()t

d|p® 0<k<a

— Z p(p®) p*~*  since p (p*) =0 for all k > 2,

0<k<1

_ pa _ pa—l

This actually should have been obvious from the definition, the only natural

numbers < p® not coprime to p® are the multiples of p of which there are

p*~ 1 in number. So the number of natural numbers < p®, coprime to p® is

the difference p® — p®~1.

Thus, since ¢ is multiplicative,
o(n) =T o) =] (" —p*") =n (1 — ;) :
pn p*n pln
3. Start from ¢ = p * j and convolute both sides with 1,
lxg = 1x(uxj)
= (Ixp)xyj since * is associative
= 0% by Mobius inversion, 1%y =9
= 7, since ¢ is the identity under = .

Then, by the definition of convolution, 1 % ¢ = j means
n .
> o(d) =Y o) 1(5) = i) = n.
din din
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Finally, we saw an important arithmetic function earlier in the course,
namely von Mangoldt’s function A(n) defined to be logp when n is a power
of the prime p, zero otherwise. We have not studied it here because it is not
multiplicative.

The important result of A was

> A(d) =logn, (15)
din

which was introduced without motivation. But where did it come from?

If we write £(n) = logn we can see that the result is the convolution
A %1 = ¢. Then formally we can consider

Dia(s) = Dals) Dafs) =D —-7((s) = LS
— () :Zlorin

= Dg(s) .

This suggests A« 1 = ¢, i.e. (15). Mobius inversion applied to (15) gives

AN=puxl ie.
Alm) =Y u(d)log (%)
dln
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